IN THIS paper we consider the following construction. Take two knots in homology 3-spheres, remove an open tubular neighbourhood of each, and glue the remaining knot exteriors together by some homeomorphism between their boundaries. The result is a closed 3-manifold. Since the exterior of the unknot in S3 is a solid torus, the class of such 3-manifolds includes the lens spaces, and, more generally, the manifolds obtained by removing a tubular neighbourhood of a knot in S3 and sewing it back differently.
(2.1) For convenience, we shall work in the smooth category. All manifolds will be compact, connected, and oriented. The boundary of X, ax, inherits its orientation from X. -X will denote X with the opposite orientation. Similarly, if L = (X, A) is a pair. then -L is the pair (-X, -A). Pairs will usually be proper, i.e. A fl aX = C?A. Orientation-preserving diffeomorphism (possibly of pairs) will be denoted by =. The unit n-ball will be variously denoted by B", D", or E", the n-sphere, aB"+', by S", and the unit interval by I. XU ,, Y has a natural structure as an n-manifold. If h comes from some natural identifications of X0 and Y,, with 2, say, we may write XU z Y for XU ,, Y.
The double of X along X0 is XU G -X, and will be denoted by 2(X; X0). For 2(X; ax), the double of X, we simply write 2X. We shall also use an extension of this notation for pairs: if L = (X, A) is a proper pair, X0 a codimension 0 submanifold of 8X, and Lo = (X0, dA II X0), then 2(L ; Lo) will denote the pair (2(X; X0), 2(A ; JA f~ X,,)). Similarly, 2L will mean 2(L ; 3L). (2.3) In all statements about homology, integer coefficients are to be understood unless it is explicitly stated otherwise.
(2.4) Let G be an abelian group. A G-homology sphere is a closed 3-manifold M such that H,(M; G) z H,(S'; G). Closed 3-manifolds M' and M-are G-homology-cobordant if there exists a Cmanifold W with 8W = M' U -M-, such that the inclusions M'+ W induce isomorphisms HJM'; G) --, H,( W; G). G-homology-cobordism classes of G-homology spheres form an abelian group with respect to connected sum, the zero element being [S3] and the inverse of [M] being [-Ml . This group will be denoted by z3(G) [161. In accordance with (2.3), we write X3 for X'(Z).
A proper pair C = (W, S' x I) such that aC = C' U -Cm, where C' = (M', S' X 0) and C-= CM-, S' x l), is a homology-cobordism between the knots C' and C-if W is a homology-cobordism between M' and M-. Then homology-cobordism classes of knots in homology spheres form an abelian group with respect to connected sum (of pairs), the zero element being [0] , where 0 is the unknot in S3, and the inverse of [K] being [-Xl . This group will be denoted by x3. ' .
A knot cobordism between knots C' and C-in S3 is a proper pair C = (S3 x I, S' x I) such that C' 2 (S3 x 0, S' x 0) and C-= (9 x 1, S' x 1). The relation of knot cobordism gives rise to the classical cobordism group (e'.' of knots in S' [12] . Note that there is a natural homomorphism % where a(Y) is the signature of Y. This is well-defined, by Rohlin's Theorem [36] .
It is also clear that p induces a homomorphism p : %'3(Z2) +0/Z. (If W is a Zz-homologycobordism between M' and M-, and M-= 8Y as above, just consider WlJ M-Y.)
Since the quadratic form of Y has odd determinant (because M is a Z,-homology sphere) and is even, it follows that its rank is even, and hence that u(Y) is even. The image of 1 is therefore contained in Zs. (Here, and in similar contexts, we regard Zk as a subgroup of Q/Z in the obvious way.) By evaluating or, on suitable lens spaces L(n, q) with n odd, for example (see [21] ), it is easy to show that in fact the image of p is exactly Zg. If M is a homology sphere, then the quadratic form of Y is unimodular, and hence g(Y) =O (mod 8). We therefore have a homomorphism p : Z'+ Zz, which is again onto, since for example, p (dodecahedral space) = l/2.
(2.6) Let K = (M, S') be a knot in a homology sphere M. Then there is a tubular neighbourhood S' x 0' of S' = S' x 0 in M, such that if * E dD*, then S' x * is homologous to zero in X = M\S' x int D2, the exterior of K. Such a tubular neighbourhood will be called standard. We shall always identify aX with S' x 80' in this way. If we define oriented loops I, m on aX by 1 = S' x *, m = * x aD2, we call 1, m a longitude-meridian pair for K.
Similarly, if C = (W, S' x I) is a homology-cobordism between knots C' = (M', S' x 0) and C-= (M-, S' x 1) in homology spheres M', M-, then there exists a tubular neighbourhood S'xD'xIof S'xI=S'xOxIin Wsuchthat S'XD'XI f~ M'=S'xD'xOisastandard tubular neighbourhood for C', and similarly for C-. Then S' x * x f C S' X aD2 X I is homologous to zero in Y = W\S' x int D* x I. We call Y the exterior of C, and S' x * x t, *X aDz x t a longitude-meridian pair for C. Note that any two longitude-meridian pairs are homotopic in Y.
(2.7) Parametrize D* by polar co-ordinates (r, 6 1, and S' by the angular co-ordinate 8. Then, if is a 2 x 2 integral matrix with det A = t 1, there is a corresponding diffeomorphism (3.1) For i = 1,2, let Ki be a knot in a homology sphere M,, with exterior Xi. Let 4 = ( ) y f be a 2 x 2 integral matrix with det A = -1. Then, identifying A% with S' x dD2 as in (2.6), i = 1,2, A defines an orientation-reversing diffeomorphism h: 8X, *ax,, as in (2.7). The closed 3-manifold X, U ,, X2 will be denoted by M(K,, KG A) (or sometimes, more explicitly, by M(K, 7 KG a, P, Y, 4).
Note that if fi, mi is a longitude-meridian pair for Ki, and Ai, pi are the corresponding elements of rr,(~?X), i = 1, 2, then h *: n,(aX,)* ~,(c?X,) is given by
H,(M(K,, K,: A)) = &,I.
Proof. By Alexander duality, H,(X) = HJS'), where H,(X 1 is generated by the class of mi, i = 1, 2. The result now follows from the Mayer-Vietoris homology exact sequence of the triad (X,, x2; S' x dD2). In particular, M(K, K; a,/3, ~,-a) has a non-trivial orientation-preserving involution g. The fixed-point set of g is an S' C ax, which is not hard to identify. LetK=(M,S'),andwriteK*=(M,-S'),K*=(-M,S'),sowehaveK**=K**=-K.Itis then easy to verify that (3.3) Let X be the exterior of K = (M, S'), where M is a homology sphere. Suppose that the homomorphism P,(JX) + r,(X) induced by inclusion is not a monomorphism. Then the Loop theorem and Dehn's lemma [31, 32] imply that there is a '-disc D C X, properly embedded, such (dX) , where A, p correspond to a longitude-meridian pair for K and (r, s) = 1. Since 8D is null-homologous in X, s = 0, and therefore r = 21. Hence there is an annulus in S' x 0' (a standard tubular neighbourhood for K) joining ttD and S' x 0, and so S' x 0 bounds a disc in M, i.e. K is trivial.
Hence if Ki = (Mi, S,') are non-trivial knots in homology spheres, i = 1, 2, then, by van Kampen's Theorem, r,(M(K,. K2; A)) is a proper free product with amalgamation 5r,(X*)Txz7T, (X2), and M(K,, K2; A) is sufficiently large [41] . If, furthermore, X is irreducible (which will be the case, for example, if M, = S3, or if M, is irreducible and S' is essential in Mi ), i = 1, 2, then M(K,, K2; A) is also irreducible.
(3.4) Since the exterior of the unknot 0 is E* x S', the manifolds M(0, K: A) are precisely those obtained by removing a tubular neighbourhood of K and sewing it back (possibly) differently. In particular, if K is a knot in S3, then the homology spheres M(0, K; a, p, ?1,6) are just those obtained from K by Dehn's method [7] .
Since any diffeomorphism aE* x S' --, 8EZ x S' given by a matrix of the form (?A A? extends to a diffeomorphism E2 x S' +E'xS ', we see that,for l =*l, M(O,K;cu,/3,~,6)= M(0, K; ELY, 1, 1,O). The latter we abbreviate to M(K; ~a). We then have M(K; 0) = A4 (if K is a knot in M), and (see (3. This conjecture is still unsettled in general, although it has been verified for many classes of knots [37, 2, 15, 391 .
For completeness we note that M(O,O; A) = E2 x S'U I, E2 x S' is the lens space L(r, -a) = ,5(-y, 8) (we adopt the orientation convention of [21] ).
(3.5) Exteriors of homology-cobordisms between knots in homology spheres can be glued together in a manner analogous to that described in (3.1) for knot exteriors. Precisely, if, for i = I,?, Y, is the exterior of C, and Xi' the exterior of C,', then aY, = Xi' U S' X 3D2 X I U -XT. Now consider the orientation-reversing diffeomorphism h x id: S' x 8D2 x Z + S' X JO2 X Z, where h : S' x ,3D2 3 S' x aD2 is given by the matrix A, and define W(C,, C2; A) = Y,U hxid Yz.
The analogues of (3.2) hold for these cobordisms. . By transversality, we may assume, for some * E aD*, that p-l(*) is a 2-manifold F, and indeed that there is an embedding F x I c X, with F x I fl ax = aF x I. Using such a Seifert surface F, all the usual invariants of classical knot theory can be defined in the present more general context.
In particular, let i', i-: F * M be the embeddings respectively, and define [25] corresponding to F I+ F x 1,
where L denotes linking number in M. Then [25] X(x+~)~x(x)+x(y)+x.y (mod2),
and so x has an Arf invariant c(x) E Z,. It turns out that if A(t) is the Alexander polynomial of K, then c(x) = 0 or l/2 according as A(-1) = +l or r3 (mod 8) [25, 20] (see also [28] ). In other words, c(x) = (A(-1)2 -1)/16 (mod 1). c(K), the Arf inuariant of Ii, is defined to be c(x). 
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It is clear that for knots in S3, this coincides with the invariant C$ defined in [35] . and, under this isomorphism, the class .$ E H*(N) represented by S* = B,*U S' -B2* correspondsto&-~2.Since~i.z=z2(mod2)forallz E H2(Yi),i=1,2,itfollowsthat~.z=z*(mod 2) for ail z E H,(N). Now since 5 is represented by the smoothly embedded 2-sphere S2, the theorem of Kervaire and Milnor [24] implies that .$'-u(N) = 0 (mod 16). (4.4) We now show that p is just the Arf invariant. For knots in S3, this is proved in [35] . The present proof is necessarily rather different, however, and uses surgery. (mod 2), Isian. Moreover, if (as we may assume) the original basis xl, . . ., x,, yl, . . ., y,, is standard (that is, xi, y; is a standard pair for each handle of F), then it is clear that x I, . . ., x L can be represented by disjoint l-spheres S,', . . ., S,'. Each Si' bounds a bicollared surface Gi in M. The normal bundle of S;' in M then has two natural framings: the first, .%, arising from the inclusions S' C F C M, and the second, %ii, arising from the inclusions S,' C Gi. C M. The condition x(x:) = 0 (mod 2) means that these framings differ by a map S' + SOZ which represents an even element of nl(SOZ) 2 Z. Now M = JV, where V is a simply-connected 4-manifold with even quadratic form. Also, M = M x 0 has a collar M x I C V, which we use to push int F and Gi into int V. Precisely, we replace F by F x 1 u aF x I (with comers rounded), which we shall continue to denote by F, and we replace Gi by Gi x 1, which we continue to denote by Gi. The framings .% and 5% together with, say, the inward normal to M in V, then define framings 9: and 3: of the normal bundle of S' in V. Since al(SOz) --+ n,(SOs) = Z2 is reduction mod 2, the framings 9: and % differ by a map S' + SO, which represents zero in n,(SOJ).
The idea is now to do surgery on F and V simultaneously, along the S"s, to make F a disc. With this in mind, consider S,', say, and let f: S' x D3 + int V be a tubular neighbourhood of S,' = f(S' x 0) corresponding to the framing $1.
and define V' = B2 x S*u flS'xSz Vo. This surgery has the effect of replacing F by F' = B'x S'u flslxso (F\f(S' x int D')). Note that genus F' = genus F -1.
We claim that the class 7' E Hz{ V', 8V') = H*(V)) represented by F' is zero. First, recalling the definition of the framing %, we see that we can push the interior of the annulus f(S' x D') C F into. f(S' x S*), along the collar of M in V, in the direction of M. This defines a surface
where A is an arc in S2 with aA = aD' = So. Then, again using the collar, F. can be pushed into M, and so Q = [Fo] E H2(V0, M) = H,(V,) is zero. Also, let 5 E HdB* x S') be the class represented by B* x So U S ' x A (oriented so that the orientation on S ' x A is the opposite of that induced by F,). Since this bounds B'X A C B2 X S*, 5 = 0. But t7' = [F'l E HZ(V) is the image of (no, 5) under the Mayer-Vietoris homomorphism H2( VO) $ H2(B2 x S') + i%(V), and is therefore zero.
We now examine the effect of the surgery on the quadratic form of V. By excision, A particular splitting can be chosen as follows. Let g: S' x D3+ int V be a tubular neighbourhood of S,' = g(S'x0) corresponding to the framing 3:. We may suppose that (By isotoping S,' into a standard S' C int D4 C V, it is not hard to see that in fact the effect of the surgery is just to add (in the sense of connected sum) a copy of Sz X S* to V. If the framings % and 3: had differed by the non-trivial element of n,(SO& then the effect would have been to add a copy of the non-trivial S* bundle over S'.) Doing such a surgery on each Si', we eventually reduce F to a disc B* in a simply-connected 4-manifold Y with even quadratic form, such that a(Y) = a(V), and such that 5 = LB21 E HZ(Y) is zero. Since the quadratic form of Y is even, ,$ = 0 is characteristic, and hence (Y, B*) is admissible for K in the sense of (4.2). Therefore
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In the case c(K) = l/2, let T be the trefoil knot in S'(so that we have c(T) = l/2), and consider 45. COMPUTATION OF THE p-INVARIANT (5.1) If K, and K2 are knots in homology spheres, and if y is odd, then M(Kt, Kz; A) is Z2-homology sphere, and our present aim is to calculate the p-invariant (see (2.5)) of such manifolds. For two important special cases, this has already been done. Firstly, if K, = Kz = 0, then we just have a lens space with fundamental group of odd order, and the k-invariants of these have been computed by Hirzebruch 1211. Secondly, the case K, = 0, Kt a knot in S3, and y = t 1 has been done by Gonzalez [lS] .
Our result is the following: If the right hand side is zero in Corollary 2.2, one might expect that [M(K,, KG A)] = 0 in X3, i.e. that M(K,, K2; A) bounds an acyclic Cmanifold. We shall see later (Corollary 3.1) that there are circumstances under which it actually bounds a contractible 4-manifold.
(5.2) Hirzebruch's calculation of pL( y, S), y odd, is based on the plumbing of D2-bundles over S2 according to a linear graph [21, $81 . The calculation of pM(K,, Kz; A) will involve a similar construction, only here the objects corresponding to the two ends of the graph will involve the knots K, and K2 respectively. We therefore introduce the following notation.
Let K = (M, S') be a knot in a homology sphere M, with S' x D2 C M a standard tubular neighbourhood of S'. Identify M with M x 0 C M x I, and attach a 2-handle to M X I along S' x D2. Precisely, define for m E Z, where f: S' x D2+ aB2 x D2 is given by But now observe that u(V) depends only on the integers mi, and that 5' is determined by the mr and the u,, and that the latter again depend only on the mi. Therefore putting K1 = K2 = 0, we see that
The following lemma will then complete the proof. Notealsothata, = l,a2= filr(rr = 6, and y, = 7 = 1 (since y is odd), and therefore if we define a0 = 0; a,+, = 1, then the ai will satisfy the following system of equations: (1) and (2)), that b,-, = a,-,. Comparing the (r -1)st equations of (1) and (2), this would then imply that b,-z = a,-z, and, continuing in this way, we would finally have b. = aa. But b. = 1 and CQ, = 0. This reductio ad absurdum shows that h, f a,, and hence that a, = b, + 1 = (Ye = c, as required.
Finally, the fact that a I = d follows by applying a similar argument to the transposed matrices 56. SLICE KNOTS AND CONTRACTIBLE QMANIFOLDS (6.1) Recall that a slice knot is a knot K = (S'. S') such that [K] = 0 E Z3.'. We show that the construction of (3.1) applied to slice knots, yields homology spheres which bound contractible In fact it can be shown that if N is as in Corollary 3.1, and a,(aN) # 1, then there is a simple closed curve S in 8N which is essential in 8N and bounds a smooth disc in N. We content ourselves with the special situation described in (6.2), where the result is particularly apparent. There we had N = 8' x D'U f V, where V is the exterior of (B4, B*), and f: B2 x aD2 + B2 x aD2 is given by ( > i y . Then the curve aB2 x 0 C aN bounds the smooth disc B2 x 0 C N. Furthermore, if X is the exterior of K = a (B', B2) and A, p E r,(X) the elements corresponding to a longitude-meridian pair for K, then x,( aN) = n,(X)/(h"p) (where (. . .) denotes normal closure). But [aB2 x 01 = h in n,(aN), and hence if aB2 x 0 were inessential in aN, we would have A = 1 in r,(aN), and so a,(aN) would be isomorphic to ~,(X)/Q.L) = 1. There are certainly plenty of examples where n,(aN) # 1; indeed, as mentioned in (3.4) , it is conjectured that r,(aN) = 1 only if K = 0 or (Y = 0.
(6.4) For 4 E S', let R (4): S2+ S2 be rotation of St through an angle 4 about its polar So, so that R : S' 4 SO, represents the non-trivial element of P,(SO~) = Z2. Recall the situation of (6.2). Gonzalez[lS, p. 631 notes that if 2L = (S4, S2), with tubular neighbourhood Sz x D2 = 2(B2 x D2; aB2 x D2) and exterior X, then 2N = S2 x D'U ,, X, where fm : S2 x dD2 --, S2 x aD2 is given by
fm(x, 4) = (R(~)(X), 4).
If a is even, then fp is isotopic to the identity, and so 2N = S".
More generally, we can ask if the contractible manifolds N of Corollary 3.1 satisfy 2N = S4, or, equivalently, if the cobordisms W of Theorem 3 satisfy 2( W; M) = S3 x I. In certain cases we can answer affirmatively.
Fist, following Cappell [4] , let us say that a knot (S4, S'), with tubular neighbourhood S2 x D2 and exterior X, is reflexive if f,: S2 x aD2 -+ S2 x aD2, given by
fl(xv 4) = (R(@)(x), 4),
extends to a diffeomorphism X --, X Second, if C is a knot cobordism with C' = 0, write C for the knot (B4, B2) obtained by capping off C' with a copy of the unknotted disc pair (E4, E2). Note in particular that the unknot of S2 is S4 is reflexive, and that 2C = unknot of S2 in S4 is equivalent to 2(c:c-)~oxZ.
Our results are then as follows: ADDENDUM TO THEOREM 3. Zf, in case (l), we have (i) either a is even or 2& is reflexive, and (ii) (4) It can be shown that the contractible Cmanifold N constructed by Poenaru1331 is W(C,, Cz; 0, 1. l.O)u s3 E4, where, if K is the trefoil, Ci-= K # -K. i = I, 2, Cz is (K # -K) x Z, and C, is the knot cobordism with C,' = 0 such that C, is the half-spin of K. A little effort is required to establish the equivalence of the two descriptions.
Note that aN = M(K # -K, K # -K; 0, 1, 1, 0) has a non-trivial orientation-preserving involution g (see (3.2) ). In [6] , Curtis raises the question of whether or not NlJ B -N is homeomorphic to S4. Although we are unable to answer this, we can say the following. We have aN = aN', where N' is the contractible 4-manifold W' U so E4, where W' = W (CI, C,; 0, 1, 1,O) . The involution g : aN' + aN' extends to an involution of W' (see (3.5)), and this in turn clearly extends to an involution of N'. Hence N'U g -N'= 2N'z S". We do not know if N's N. /.LzT = 1) = z,,,.
-(6.7) In this section we shall prove the Addenda to Theorems 3 and 4 and Corollary 3.1. First we consider a special case, which is essentially that discussed at the beginning of (6.4). We then reduce the general situation to a form in which this special case is sufficient to give the desired result. . Since Y0 = Dz x aE2 x Z, we can replace h by the diffeomorphism h' given by ( > 'lU i (see (3.4) ).
Now recall that C = (B', B') is obtained from C by attaching a copy of the unknotted pair (E4, E') to C along C'. Let V be the exterior of C. and V0 the exterior of (E4, E*). Let g: E2x aD2-+i2x aD2 be given by
where f: B2 x aD2+ B2 x aD2 is given by t 'I* We use the geometric trick illustrated in Fig. 1 to express this in a form where we can apply Lemma 6 twice. Let Co be 0 x I. It is then clear from Fig. 1 that, using collars, we can define a diffeomorphism
where the common S3 is the "bottom" end of the first cobordism and the "top" end of the second. We omit the details. But by Lemma 6 and hypothesis (9, W(Co, 2(Ct7 C2-)i A)=
2(W(Co,C2;A);M(Co-.C2-;A))=SS3xI.
Similarly, since W(2(C1, CJ, CO; a, P, 7,s) 3 W(C,, 2(C,, c,-); -6, p, 7, --a), we have W(2(C,; C,-), Co; A) = S3 x I by hypothesis (ii). Therefore 2(W;M)~SS3xIU53S3xI~S3x1.
In case (2), we have (6.8) In [13] , Glaser shows, using Mazur's construction [27] , that there exist infinitely many contractible Cmanifolds whose boundaries have indecomposable (with respect to free product) fundamental group. It is not clear, however, that these boundaries are actually irreducible. It therefore seems worth pointing out that the method of gluing together knot cobordism exteriors yields We remark that the manifolds 8N and M in Theorems 5 and 6 respectively are also sufficiently large.
Once we have contractible Cmanifolds, we can construct various group actions of one kind or another. For example (2) There exist infinitely many semi-free S'-actions on S' with fixed-point set an irreducible homology 3-sphere.
As far as Theorem 6 is concerned, we mention COROLLARY 6.1. Hence an orientation-reversing involution on S2 x S2 can be defined by interchanging the copies of D(2m)U L W, and the fixed-point set is M. Using L(2m + 1, I), we get similar involutions on the non-trivial S2-bundle over S'. (6.9) One way of getting infinitely many examples of the kinds described in Theorems 5 and 6 is by the rather tedious method of finding suitable representations of the fundamental groups of aN and M respectively. There is no point in giving the details, however, since an alternative method is available, which is based on a result of Haken [ 191. Haken's result has been used by Evans [9] to produce infinitely many irredicible 3-manifolds with any given (finitely generated) first homology group, and we use it in the same spirit, although the details are rather different. The relevant result is (see [ 19, p. 4423 ) that if M is an irreducible 3-manifold (recall that all manifolds are assumed compact and oriented), then S(M) = max {n : M contains n disjoint, incompressible, pairwise non-parallel, closed surfaces} is a well-defined integer. We shall need the following lemma, which is stated in the generality necessary for a similar application in 47. (aN,), . . ., S(aN,,,) }. Let K be any non-trivial slice knot, let K, be the connected sum of n copies of K, and let Kz be any non-trivial slice knot. Let A be the usual 2 x 2 matrix, with y = tl and Q and 6 even. Then, by Corollary 3.1 and its Addendum, Theorem 6 is proved in exactly the same way, using Theorem 4, only now K and Kz have to be knots of the kind described in [ 171.
97. FREE 2,.ACTIONS (7.1) The construction of gluing together knot exteriors can be extended to the gluing together of their k-fold cyclic covers, and this can be used to obtain closed 3-manifolds with free Zk -actions.
Our motivation is the following question of Orlik [30] :
Question (Orlik) . Does every free Z,-action on an irreducible homology 3-sphere embed in an S '-action ?
KNOTS, HOMOLOGY SPHERES, AND CONTRACTIBLE d-MANIFOLDS
A negative answer is contained in: 169 THEOREM 7. For each k 12 there exist infinitely many irreducible homology 3-spheres Q such that Q admits a free &-action which is not homotopic to the identity.
Furthermore, Q can be chosen to be the boundary of a contractible 4-manifold N, and the action on Q to be the restriction of a semi-free Zk-action on N with a single fixed point.
(7.2) Let K be a knot in a homology sphere M, with exterior X. The k-fold cyclic cover of X, p : X, + X, is that associated,with the kernel of the composition r,(X) + H,(X) = Z + Zk. We can identify 8X, with S' x aD2 in such a way that p IaX, : 8X, --$8X is given by (64 ) The compatibility conditions are therefore p=O (mod k), 6= 1 (mod k).
(7.
3) The fact that the manifolds we construct are irreducible will follow from: LEMMA 8. Let X be the exterior of a non -trivial knot in S3 and p : X, + X the k-fold cyclic cover of X. Then X, is irreducible and ax, is incompressible in X,.
Proof Let F x Z c X be a bicollared minimal Seifert surface for K. That is, F x Z is as in We then have k copies of F, namely Fi = Fi', 0 5 i I k -1, embedded in X,. Now let S C X, be an k-1 embedded 2-sphere. We may suppose that S n U E is a finite collection of simple closed curves.
Let C C F, say, be a member of this collection which is innermost in S. Then C bounds a disc D in S, and we have either D C B, or D C B,+,. Since j; (resp. j;) is a monomorphism, C bounds a disc D' in F,, and since B is irreducible, the 2-sphere D U D' then bounds a 3-ball in B, (resp. B,+,). This 3-ball can be used to construct an isotopy of S in X, which has the effect of removing the intersection curve C. Continuing in this way, we finally obtain S' isotopic to S such that S' lies entirely in some Bi. Since B is irreducible, S' bounds a 3-ball in Bi, and hence S also bounds a 3-ball.
The incompressibility of ax, in X, follows from the commutative diagram 5.
7h(aXk) -m(X)
where i : aX + X and i, : 3X, + X, are inclusions. Since i, and (p IaX, ).+ are monomorphisms, i, * is also. (7.4) We now investigate the effect of g: X, + X, on the fundamental group; this is needed in order to show that we can produce actions which are not homotopic to the identity.
Some care must be taken with base points, so choose a base point b E dX,, and let w be a path in X, from b to g(b). Let for all x E r,(Xk, b).
Therefore if w,g* is an inner automorphism. then there exists z E nl(Xk, b) such that txt -' =2x2-' for all x E rrl(Xk, b).
In particular, taking x = z, we see that t commutes with z. It is then clear that z-'t lies in the centre of n,(X, p(b)) (since it commutes with every element of P,(X~, b) and with t), and is non-trivial (since it maps to a generator of Z,). By [3] , this implies that K is a torus knot. (7.5) Proof of Theorem 7. Let K, K' be non-trivial knots in S3. Then by Lemma 8, Q = X,lJ h X; is irreducible. Moreover, if we choose K, K' so that M,, ML are homology spheres, and the matrix A so that p = 0 (mod k), S = 1 (mod k), and y = ~1, then Q will be a homology sphere with a free Zt-action. Now the k-fold branched cyclic cover M, of a knot K is a homology sphere if and only if n A(o') = 1, where A(r) is the Alexander polynomial of K and o is a primitive kth root of unity];;:.
There are therefore plenty of suitable knots for any k (for example, non-trivial knots with A(t) = 1, such as untwisted doubles [42] , will certainly do). It is also clear that suitable matrices A exist for any k.
It remains to show that we can also ensure that the generator f: Q + Q of the free ZI,-action is not homotopic to the identity. Let T C Q be the common boundary of X, and XL, and choose a base point b E T. Let w be a path in T from b to f(b), and consider the automorphism w-f,: sr,(Q, b) + ~F,(Q, b). If f is homotopic to the identity, then w,f* is an inner automorphism. Now, by van Kampen's Theorem, sr,(Q, b) is naturally identified with the amalgamated free product 7~, (Xk, b) *,,,(~.b) rl (XL, b) . Also, wxf* preserves the factors T,(X~, b) and I;,(X;, b); in fact w,f*Ir,(X, b) = w*g* and ~,f.+lr,(X', b) = wig;. Therefore. if w*f* is an inner automorphism, say conjugation by z E ~T,(Q, b), then it follows from well-known properties of free products with amalgamation (see, for example, [26, p. 2121 ) that z E a,(T, b). This implies that w,g* and w,g$ are inner automorphisms, and hence, by Lemma9, that K and K' are torus knots. Since we can certainly avoid these (for example, no non-trivial knot with A(t) = 1 is a torus knot), we get homology spheres Q with the desired properties. To get examples as described in the second part of Theorem 7, we use the rather special knot cobordisms mentioned in (6. l), Remark (1) . Recall that these are obtained as follows. Let (B", B') be a ball pair, with a(B4, B*) non-trivial, such that (B", B') x I is unknotted[l71. Let (E*. E*) be a standard neighbourhood of some point in int B', and define C = (k", B')\int (E", E'). Then C-= a(B4, B2) and C' = 0. If Y is the exterior of C, then aY = E2 x aD* U S' X aD* X I U -X-, where E2 x aD2 and X-are the exteriors of C' = 0 and C-respectively. Also, the fact that (B4, B*) x I is unknotted implies that the inclusion E* X aD2 + Y is a homotopy equivalence. Proof. First note that 6 = 1 (mod 2) implies LY = 1 (mod 2), since /3 = 0 (mod 2) and (Ys-py= -1. Write M, M' for the homology spheres which are the 2-fold branched cyclic covers of K, K'. Then, by Theorem 2,
pQ = pM + /.LM' + c(bz(K)) + c(bdK')).
Now M = aY, where Y is a l-connected Cmanifold whose quadratic form is given by the matrix V + VT, where V is a Seifert matrix for K (see [16,11.6] 
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This gives the stated formula.
Finally, it follows from Theorem 8 that there exist irreducible homology spheres Q with free Z2-actions as in Theorem 7 with any desired value of p. For example, to get Q with PQ = 0, we can take K, K' to be any non-trivial knots with A(f) = A'(t) = 1 and, therefore (see [381), r(K) = u(K') = 0. To get Q with PQ = l/2, we can take K (non-trivial) with A(t) = 1, and K' the torus knot 3,5. For then cz(K') = 8 (in fact M' is just dodecahedral space [37, p. 222]), and A'(i) = A'(-i) = 1.
